ABSTRACT. In this paper, the class of total asymptotically nonexpansive mappings is considered. A weak convergence theorem of Mann-type iterative algorithm is established. Hybrid projection methods are considered for the class of total asymptotically nonexpansive mappings. Strong convergence theorems are also established in the framework of Hilbert spaces.
Introduction and preliminaries
Let H be a real Hilbert space, C a nonempty closed and convex subset of H and T : C → C a mapping. Denote by F (T ) the fixed point set of the mapping T . Recall that T is said to be nonexpansive if
T x − T y ≤ x − y ,
for all x, y ∈ C.
(1.1)
T is said to be asymptotically nonexpansive if there exists a positive sequence {h n } ⊂ [1, ∞) with lim n→∞ h n = 1 such that
for all x, y ∈ C, n ≥ 1.
(1.
2)
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [4] as a generalization of the class of nonexpansive mappings. They proved that if C is a nonempty closed convex and bounded subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive mapping on C, then T has a fixed point.
T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous and the following inequality holds:
Observe that if we define
The class of mappings which are asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [2] . It is known [5] that if C is a nonempty closed convex bounded subset of a uniformly convex Banach space E and T is asymptotically nonexpansive in the intermediate sense, then T has a fixed point. It is worth mentioning that the class of mappings which are asymptotically nonexpansive in the intermediate sense contains properly the class of asymptotically nonexpansive mappings. Recently, Alber, Chidume and Zegeye [1] introduced the conception of total asymptotically nonexpansive mappings. Recall that T is said to be total asymptotically nonexpansive if
is strictly increasing continuous function with ψ(0) = 0 and {µ n } and {ν n } are nonnegative real sequences such that µ n → 0 and ν n → 0 as n → ∞. From the definition, we see that the class of total asymptotically nonexpansive mappings include the class of asymptotically nonexpansive mappings as a special case; see also [3] for more details.
Recall that the modified Mann's iterative process was introduced by Schu [9] in 1991. Recently, construction of fixed points for asymptotically nonexpansive mappings via the modified Mann's iterative process has been extensively investigated by many authors.
The modified Mann's iterative process generates a sequence {x n } in the following manner:
where the sequence {α n } is in the interval (0,1)
STRONG AND WEAK CONVERGENCE THEOREMS FOR FIXED POINTS
Weak convergence of the Mann iterative process for asymptotically nonexpansive mappings was established in [9] (see also [10] , [12] ). The purpose of this paper is to establish a weak convergence theorem for total asymptotically nonexpansive mappings in real Hilbert spaces. Furthermore, a strong convergence theorem is obtained without any compact assumptions. The results presented in this paper improve the corresponding results of [6] - [8] and some others.
In order to prove our main results, we need the following lemmas.
Ä ÑÑ 1.1º ([11] ) Let {r n }, {s n } and {t n } be three nonnegative sequences satisfying the following condition:
where n 0 is some nonnegative integer. If
Ä ÑÑ 1.2º In a real Hilbert space, the following inequality holds
λx + (1 − λ)y 2 = λ x 2 + (1 − λ) y 2 − λ(1 − λ) x − y 2 , for all λ ∈ [0, 1], x,y ∈ C.
Main results

Ì ÓÖ Ñ 2.1º Let C be a nonempty bounded closed and convex subset of a real
Hilbert space H and T : C → C a uniformly L-Lipschitz and total asymptotically nonexpansive mapping with the function ψ and sequences {µ n } and {ν n } such
sequence generated by the following manner:
where
Then the sequence {x n } generated by (Ω) converges weakly to a fixed point of T .
, we see that
It follows that
On the other hand, in view of Lemma 1.2, we arrive at
Noticing that α n ⊂ [a, 1 − a] for some a ∈ (0, 1), we see that
On the other hand, we have
It follows from (2.1) that
Note that
Since T is uniformly Lipschitz, we obtain that
Since {x n } is bounded, we see that there exists a subsequence {x n i } ⊂ {x n } such that x n i x * . Next, we show that x * ∈ F (T ). Choose α ∈ 0,
1+L
and define y α,m = (1 − α)x * + αT m x * for arbitrary but fixed m ≥ 1. From the assumption that T is uniformly L-Lipschitz, we see that
It follows from (2.3) that
Since x n x * and (2.4), we arrive at
Substituting (2.6) and (2.7) into (2.8), we arrive at
This implies that
Next we prove that {x n } converges weakly to x * . Suppose the contrary.
Then we see that there exists some subsequence {x n j } ⊂ {x n } such that {x n j } converges weakly tox ∈ C andx = x * . By the same method as given above, we can also prove thatx ∈ F (T ). Put r = lim
Since H is an Opial's space, we see that
This derives a contradiction. It follows thatx = x * . This completes the proof.
Next, we modify the algorithm (Ω) to have strong convergence for uniformly L-Lipschitz and total asymptotically nonexpansive mappings without any compact assumptions.
Ì ÓÖ Ñ 2.2º Let C be a nonempty bounded closed and convex subset of a real
Hilbert space H, P C the metric projection from H onto C and T : C → C a uniformly L-Lipschitz and total asymptotically nonexpansive mapping with the function ψ and sequences {µ n } and {ν n } such that µ n → 0 and ν n → 0 as n → ∞. Assume that F (T ) = ∅. Let {α n } be a sequence in (0, 1) and let {x n } be a sequence generated by the following manner:
Assume that the control sequence {α n } is chosen such that
). Then the sequence {x n } generated by (Ψ) converges strongly to a fixed point of T . P r o o f. First, we show that C n is closed and convex for each n ≥ 1. It is obvious that C 1 = C is closed and convex. Assume that C n is closed and convex for some n. We obtain from the construction of C n+1 that C n+1 is closed and convex for the same n. This proves that C n is closed and convex.
Next, we show that F (T ) ⊂ C n for each n ≥ 1. It is obvious that F (T ) ⊂ C 1 = C. Assume that F (T ) ⊂ C n for some n. Next, we prove that F (T ) ⊂ C n+1 for the same n. For any u ∈ F (T ) ⊂ C n , we see that
